Abstract
Introduction
Finite elements are versatile and most commonly used numerical method among researchers and practitioners to solve complex problems in engineering and science. Sometimes unpredicted behaviors under certain conditions can be experienced due to the approximations made in the finite element formulations. Assumptions made in the displacement functions to represent real behavior of the system and applications of programming friendly numerical integration techniques instead of continuous integration may end up with some erratic manners in the result. For instance, shear and volumetric locking are the most important problematic behaviors that can occur in finite element formulations. The locking phenomenon is characterized by a severe underestimation of the displacements, i.e. the structure is too stiff. The word "locking" means that the structure "locks" itself against deformations. Also, locking means the effect of a reduced rate of convergence for coarse meshes in dependence of a critical parameter such as thickness [1] .When nearly incompressible material or thin shell applications are described using the standard finite elements some numerical problems or erroneous solutions may arise due to locking effects [2] [3] [4] . In order to alleviate locking problems several solutions are proposed in the literature [5] [6] [7] [8] [9] . Reduced and selectively reduced integration techniques, mixed formulation technique and enhanced strain method are the most common solution procedures described in literature. In this study the finite element formulations of 4-noded (Ring4) and 9-noded (Ring9) harmonic solid ring with selectively reduced integration techniques are presented in general terms to solve locking problems in axisymmetric structures. In selectively reduced integration procedure the shear strain terms are only integrated using reduced Gauss points. In other words, in the stiffness formulations the normal strain terms are integrated using required number of Gauss points for the exact evaluation of integrals whereas the shear strain terms are integrated using lesser number of Gauss points. Additionally, the performance of the developed quadrilateral harmonic solid ring finite elements is investigated as far as volumetric and shear locking problems are considered for axisymmetric thin or thick solid structures. For this purposes several numerical studies are performed using the finite element program coded in Matlab. A thick cylinder is studied to mainly focus on volumetric locking by changing Poisson's ratio, and shear locking is explained considering circular plate subjected to pure bending with varying thicknesses.
Harmonic Finite Element Model
For harmonic model in linear elastic analysis, it is possible to demonstrate both the loads and the displacement as Fourier series expansions in terms of circumferential coordinate θ [10] . 
where m is the circumferential mode (harmonic) number and symbols r u , u  and z u indicate the radial, circumferential and axial displacement components, respectively, see Fig. 1 . All barred quantities in Eq.(1) are amplitudes approximated using the finite element method, which are functions of r, z but not of  . This produces a harmonic finite element in the (r, z) plane. Single and double barred amplitudes represent symmetric ( ( )
terms, respectively. The amplitudes of the displacement components in Eq. (1) can be interpolated from nodal amplitudes using the shape functions. Fig. 1 shows the shape and node numbering of the ring elements as well as coordinatesystems.
Figure1: Displacement components, nodal numbering and cross sections of Ring4 and Ring9 elements.
In this study the formulation of symmetric part of the harmonic ring finite element is presented for the simplicity and a detailed explanation and anti-symmetric formulation can be found in [11] . The vector of displacement field within the element can be described such that subscript im specifies that amplitude refers to node i and harmonic m [12] . ....
where where b=4 for bilinear (Ring4) and b=9 for biquadratic (Ring9) quadrilateral elements. The shape functions at each node i for both quadrilateral elements are given in [13, 14] . 
Strains and stresses in an element can also be stated in terms of the Fourier series. For a Fourier term m, the strain vector in cylindrical coordinates can be written as:
The strain displacement matrices can be stated as follows for harmonic m: 
where and for the i th node, the submatrices are given as:
The stress vector for the m th harmonic in the cylindrical coordinate system related to the strain vector through the constitutive equations is given for an isotropic material as follows [14] ) 12
is the material property matrix for isotropic material given by the following equation where E modulus of elasticity and v is Poisson's ratio
Element Matrices

The element stiffness matrix
The stiffness matrix of a linear system is calculated from the derivation of the strain energy of an axisymmetric solid ring element [15] . The element strain energy is given as:
Substituting Eqs. (6) and (12) into Eq. (15) for single barred terms the stiffness matrix for symmetric terms in Fourier series expansion is obtained as:
It can be observed that each term in the products of Thus, integration over the circumferential direction θ can be carried out explicitly. The stiffness matrix of a quadrilateral ring element can be numerically integrated by Gauss quadrature rule which is very suitable for finite element applications. If both the bending (ε) and shear terms (γ) in the stiffness matrix are integrated using p1= p2 Gauss points then it is called Full Integration (FI). And it is called Selectively Reduced Integration (SRI) technique in which the bending terms are integrated using (p1)-point Gauss quadrature rule and the shear terms are integrated using (p2)-point Gauss quadrature rule. By taking explicit integrations and using numerical integration the stiffness matrices for symmetric terms are calculated from the following expressions: Jacobian determinant that transforms the element from global coordinates (r, z) to the natural coordinates (ξ, η). The number of Gauss points used for full and selectively reduced integration are given in Table 1 . 
where   bm q is the body load amplitude vector for the Fourier term m of symmetric loads.
Also, unidimensional numerical integration can be applied for the consistent force vector associated with surface traction. Then we have the following expressions in which J  is the associated arc length Jacobian.
for m=0 
Solution Procedure
In this study we are concerned with the solution of the simultaneous equations that arise in the static analysis of axisymmetric structures using finite element method. The matrix equation for static problems is given by 
Numerical Examples
The static deformations of a hollow cylinder under various loadings, an internally pressurized thick cylinder and a circular plate bending problem are investigated for volumetric and shear locking behaviors using Ring4 and Ring9 harmonic solid finite elements. Full and selectively reduced integration techniques are applied to get rid of locking effect on both the elements and comparisons are made.
Hollow Cylinder Under Various Loadings
A hollow cylinder with length L=0.6m, inner radius a=0.05m and outer radius b=0.06m with modulus of elasticity E=2x10 11 Pa and Poisson's ratio v=0.3 is considered as the first example. The cylinder is investigated under three different loading cases which are axial load, torque and lateral point load. The magnitude of the loads are F z =8x10 3 N, T z =4.4x10 3 N and P=1x10 3 N, respectively. The boundary condition of the cylinder is completely fixed at one end and free at the other end. The loads are applied at the top of the hollow cylinder. The analytical solutions of this problem can be obtained from mechanic of materials for axial elongation, rotation and tip deflection [16] . Considering the relative errors it can be said that the results obtained using both the ring elements agree well with the analytical solutions. It seems from Table 2 that Ring9 gives better results when relative errors are considered due to quadratic shape functions used. Also, it should be noted that mesh refinement can decrease the relative errors. Finally it can be concluded that both elements produces accurate results and the program coded for the study is verified with exact solutions. .
Internally Pressurized Thick Cylinder
A cylindrical hollow tube of inner radius a=160mm and outer radius b=320 mm subjected to internal pressure P=150 MPa as shown Fig. 3 is analyzed next. The problem can be considered as a plane strain state since the tube extends indefinitely along the z direction. The material is isotropic with elastic modulus E=2x10 5 MPa and Poisson's ratio v=0.2. A slice of thickness d is extracted and finite element discretizations are shown in Fig. 3(a, b) using four Ring4 and two Ring9 elements along the radial direction r and one along the axial direction z. The axial element number is assumed to be one because the solution only depends on r. The nodes move in radial direction only and the support conditions are given in Fig.3(a, b) . The exact stress distributions across the wall for a condition of plane strain in the z direction are obtained in [16] . The pressure lumping to the nodes on the inner radius r=a depends on the type of the element such as P r1 =P r2 for Ring4 and P r2 =4P r2 =4P r3 for Ring9. The radial stresses σ r and hoop stresses or circumferential stresses σ θ are graphically compared over the wall a≤r≤b with the exact solutions in Fig.4 for various Poisson's ratios. If the Poisson ratio is increased over zero, Ring4 results gradually lose accuracy if the number of elements are kept as 16 as shown in Fig. 4(a, b) . It can be shown that when the material gets closer to the limit state of Poisson's ratio for incompressibility the deterioration of the solution obtained speeds up. This phenomenon is known as volumetric locking in literature. Significant deficiencies can be observed. Also it should be noted that the volumetric locking is of a problem in such case that the plane strain condition does not allow the longitudinal expansion and contraction [1] . All stress components extremely oscillate as coming closer to the inner boundary and the values taken are meaningless. Besides a smaller stress oscillation can be observed at the outer boundary. For example, the radial stress is calculated as 48 MPa instead of -150 MPa at r=a for 0.485 v 
. Modeling the same problem by using Ring9 makes a big difference. For an 8-element mesh in radial direction the radial hoop stresses are graphically compared over a r b   with the exact solution in Fig. 4(c, d) . As can be seen volumetric locking or oscillations are not observed, and the stresses are well predicted everywhere. The agreement with the exact solution is excellent with Ring9 elements. . 
Circular Plate Bending
The last problem is a simply supported circular plate bending by a point load and uniformly distributed load as shown in Fig. 5(a) . The plate has radius of R=10m and thickness of H=1m. The point load of magnitude P=500 kN acts downward at the plate center and uniformly distributed surface pressure of magnitude P o =5 kN/m 2 acts downward over the whole top surface of the plate. The material is isotropic with elasticity modulus of E=30000 MPa and Poisson's ratio of v=0.2. Two FEM discretizations are pictured in Fig. 5(b, c) . For Ring4 element 4x2, 8x2 and 16x2 discretizations are used, whereas for Ring9 the meshes are 2x1, 4x1 and 8x1 in radial and axial directions, respectively. Nodes are allowed to move in the z direction except those on the edge at r=R. The nodes at r=0 are constrained against radial deflection due to axial symmetry. The resulting support conditions are shown in Fig. 5(b, c) . The central point load appropriately lumped to the nodes on the z axis. The exact solution for axial displacement and radial stress of this problem under central point load using Kirchhoff plate theory can be found in [17] . Axial displacements are compared graphically over a r b   with the exact solution in Fig. 6 for the point load at the center of the circular plate. As seen in Fig. 6 (a) the axial displacements have the right pattern but the values are under estimated with Ring4. This is a mild case of so-called "shear locking" in which significant amount of element energy is spent in shear [1] . As seen in Fig. 6(a) increasing the number of Ring4 elements reduces the shear locking but the displacement is still under estimated. The analysis is repeated for Ring9 with half the elements: 2, 4 and 8 respectively in radial direction, and only one element in the axial direction. From Fig. 6(b) it can be seen that the transverse or axial displacement is well captured since the element does not suffer from shear locking. The shear locking effect is further investigated in detail for various ratios of thickness to diameter of the circular plate. Circular plates under uniformly distributed load with simple supports along the edges are analyzed for different ratios. The convergence rates of the center deflections and radial stresses at the bottom of the plate with increasing number of elements for four different ring elements are shown in Figs. 7 and 8. These are the bilinear 4 node element with full integration Ring4(FI) and selectively reduced integration Ring4(SRI) and the biquadratic 9 node element with full integration Ring9(FI) and selective reduced integration Ring9(SRI). Non-dimensional center displacements and radial stresses are presented in figures using D As shown in Figs. 7 and 8 the rate of convergence of Ring4 (FI) is too slow below a certain limit of thickness to diameter ratio. In Fig. 7(a) it can be easily seen that the required number of elements for an acceptable convergence of element Ring4(FI) to the exact solution is too large for the small ratio of H/D=0.001. Therefore, for the purpose of computational cost and computer capacities it is important to avoid from such locking effects. As can be seen from Figs. 7 and 8 increasing the ratio of thickness to diameter accelerates the convergence rate of the Ring4(FI). However, it is possible to reach an optimal rate of convergence for coarse meshes using selectively reduced integration element Ring4(SRI) in the analysis of even very thin plates as shown in Figs. 7(a) and 8(a) . Additionally, it can be realized from Figs. 7 and 8 that the convergence of Ring4(SRI) is uniform with respect to thickness to diameter H/D ratio. Also, it can be stated that the convergence rate of Ring4(SRI) element is still smaller than that of Ring9(FI) and Ring9(SRI) elements since these are the higher-order elements based on quadratic shape functions. Although Ring9(FI) element shows no signs of shear locking in this problem it is not guaranteed that its performance would be good for different type of loading and boundary conditions. However, its performance can be improved if SRI technique is used for shear strain energies as explained previously. Using Ring9(FI) or Ring9(SRI) in the analysis of circular plate, displacement and radial stresses can be obtained with the same accuracy and rate of convergence for coarse meshes. The rate of convergence of these elements is independent of the thickness to diameter ratio, H/D. In Figs. 9 and 10, dimensionless center displacements and radial stresses are plotted against various thickness to diameter ratios. Four types of ring elements are used in the analysis of the circular plate for different thicknesses. It can be seen from Figs. 9 and 10 that all lines intersect or come so close to each other at the ratio of H/D=0.05 and H/D=0.1 for center displacements and radial stresses, respectively. Therefore, it can be stated that shear locking problem disappears above these certain limits for the elements suffering from shear locking. Also it can be observed from Figs. 9 and 10 that below the limit of H/D=0.05 the displacement and stress values of Ring9(FI) and Ring9(SRI) elements coincide with those of Kirchhoff thin plate theory while above these limits the values obtained using these elements move away from the Kirchhoff solutions. This means that results by Kirchhoff thin plate theory deviate as the plate gets thicker since the transverse shear deformations are ignored. Moreover, it can be concluded that Ring4(SRI) can be used as a locking free element although the absolute errors of locking
Conclusions
An investigation is performed to see the effect of volumetric and shear locking effects on the performance of 4 and 8-noded harmonic solid ring finite elements. For this purpose, several benchmark problems such as internally pressurized thick cylinder and circular plate in bending are solved by the coded program in Matlab. The program is capable of solving problems with 4-noded (Ring4) and 9-noded (Ring9) harmonic solid ring elements using full or selectively reduced integration techniques in finite element procedure. The axial displacements and radial stresses are compared with the exact solutions obtained from the literature. Most important conclusions can be drawn from the study are as follows:
 In the case of hollow cylinder problem under axial load, axial torque and lateral load the relative errors compare to analytical solutions are very small for both Ring4 and Ring9 and decrease with the mesh refinement.  Volumetric locking problem is observed using Ring4 in case of internally pressurized thick cylinder for high values of Poisson's ratio. However, Ring9 does not suffer from this type of locking problem.  Shear locking problem is observed using Ring4 in the case of plate bending problem. The convergence rate of Ring4 becomes much smaller when the thickness to diameter ratio of the circular plate is decreased but that of Ring9 is not significant.  While Ring4 (SRI) with selectively reduced integration eliminates the shear locking problem Ring9 (SRI) produces excellent results due to higher order displacement functions in the formulation.  Results obtained using full integration and selectively reduced integration come very close to each other at the ratio of H/D=0.05 and H/D=0.1 for the center displacements and the radial stresses in the plate bending. That means that above these certain limits shear locking disappears for the circular plate problem.
